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Hello, I’m Knut Synstad.
I design, and I code.

I design products, services, and systems
at Dubberly Design Offi  ce.

Currently exploring applications of
AI, ML, and computation in design.

Former electronics offi  cer in
the Royal Norwegian Navy.

And former Graphic Designer.
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Design practice is continually evolving.

– What we design
– How we design
– Who designs
– Why we design
– Where we design

After
Hugh Dubberly

For more on the evolution of design, see
http://presentations.dubberly.com/IDEEC_SJSU.pdf
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In the last 50 years,
design’s biggest change
has been computing.



1987 1990 1999

(PageMager 1985)

2010 2016
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Computing as Tool:
Augmenting the design process.
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Computing as Medium:
For sharing information.

6
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Computing as Material:
To be shaped into products.

Initial release
1979 (41 years ago)

VisiCalc represented a new idea of 
a way to use a computer and a new 
way of thinking about the world.

Where conventional programming was 
thought of as a sequence of steps, 
this new thing was no longer se-
quential in effect: When you made 
a change in one place, all other 
things changed instantly and auto-
matically.”
Ted Nelson

“

—



Tools

PCs
1980–

Mobile Devices

Internet
1995–

Internet of Things

AI, Data, & Algorithms
2015–

Cloud Computing

Medium Material
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Each of these “digital transformations” is at
a different stage in the development process.
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How are designers using
computing (or computation)
as a medium today?
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There are many
exciting examples …
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A visual introduction to
machine learning
By Stephanie Yee and Tony Chu

111

Year
2015

Address
r2d3.us/visual-intro-to-machine-learning-part-1/

the science of getting computers
to act without being explicitly
programmed.”
Stanford University

Machine learning is …

“

—
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How to Use t-SNE Effectively
By Martin Wattenberg, Fernanda
Viégas, and Ian Johnson

1222

Year
2016

Address
distill.pub/2016/misread-tsne/

a technique for dimensionality
reduction that is particularly well 
suited for the visualization of 
high-dimensional datasets.”
Laurens van der Maaten

t-Distributed Stochastic Neighbor 
Embedding (t-SNE) is …

“

—
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Font Map
By Kevin Ho (IDEO)

13

Year
2017

Address
fontmap.ideo.com/
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The idea of a solution space
goes back at least to Herbert Simon. 

We’ve all seen examples;
yet representing a solution space
by hand is a lot of work.

How might computing help?

Year
2018

Design
Schärer de Carli and BOROS
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It made me wonder...
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What would it take to
organize the logos of
the Fortune 500,
by visual similarity?
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Turns out, a lot.
A sequence of data transformations are needed.

1. Data wrangling
2. Feature detection
3. Feature selection
4. Distance matrix
5. Dimensionality reduction
6. Linear assignment
7. Data visualization

Let’s go through them step-by-step.
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1. Data wrangling

Every summer,
Fortune Magazine publishes
its Fortune 500 list online.

1999

Address
fortune.com/fortune500/2017/
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1. Data wrangling

With a spreadsheet as a reference,
vector logos were collected.

Many came form WikiMedia,
some from corporate websites,
and even annual reports.

20000
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1. Data wrangling

Artwork came from multiple sources,
and in multiple fi le formats,
requiring some standardization.

– Crop to fi t.
– Convert to a uniform fi le format (SVG)
– Remove non-essential tags (e.g., vendor tags)
– Generate uniformly sized bitmap images (PNG)
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2. Feature detection

Intimidated by neural networks,
I tried, and immediately failed,
to describe the logos by hand …

22222



2. Feature detection

I was bound to fail.

Dan Ariely
Professor of Psychology and Behavioral Economics at Duke University
Predictably Irrational” 2018

—  

“

Humans rarely choose things in absolute terms.
We don’t have an internal value meter that
tells us how much things are worth.

Rather, we focus on the relative advantage
of one thing over another,
and estimate value accordingly.”

“



Output: Quantified presence of 2048 features

Input: 1024×1024 px png

0.02772 0.00000 0.00000 0.00000 1.09299 0.00000 
0.01938 0.55155 0.00009 0.00014 0.00000 0.00000 
0.33905 0.10659 1.46157 0.08142 0.00411 0.00000 
0.00000 0.36360 0.00000 0.03051 1.01659 0.05828 
0.10766 0.00000 0.68964 0.00040 0.00000 1.51671 
0.01628 0.00000 0.01213 0.00000 0.00000 0.00000 
0.06907 0.00000 0.00892 0.00000 0.06411 0.08882 
0.00000 0.00000 0.00000 0.02236 0.00000 0.05602 
0.06424 0.00000 1.22857 1.15797 0.20735 0.49470 
0.09517 0.11458 0.00000 0.00105 0.09719 1.76852 
0.05036 0.00000 0.00000 0.00509 0.00000 0.00000 
0.00000 0.14901 0.00000 0.00000 0.07446 0.25466 
0.40862 0.00000 0.00000 0.01263 0.00183 0.12038 
0.00457 0.00000 0.06357 0.37006 0.34136 0.02781 
0.05190 0.05535 0.00000 0.00242 0.00000 0.00000 
0.00065 0.00000 0.00000 0.01920 0.00000 0.00000 
0.23270 0.00000 0.10789 0.00000 0.00000 4.78532

24

2. Feature detection

I used Keras, Tensorfl ow,
and a pre-trained general-purpose
image classifi cation model,
to describe each logo’s shape.

Language
Python

Model
ResNet50



Output: Two most prominent colors as RGB values

Input: 1024×1024 px png

0 124.86442 197.96974
#007DC6

255 194.16913 31.88876
#FFC220
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2. Feature detection

The top two colors were
found using k-means clustering.

K-means clustering attempts to
partition all colored pixels into
k clusters of “similar” appearance.

Language
Python
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3. Feature selection

For each logo, thousands of features were generated

  2048 from neural network
+    6 from k-means clustering
= 2054 features
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3. Feature selection

The neural network also produced some “noise.”
This was removed through principal component analysis (PCA).

  2048 from neural network
- 1998 PCA
=   50 features describing shape
+    6 features describing color
=   56 features



Shape features

0–10–17.26351

Color features

Feature set

0–255

Normalized CombinedInitial extent

Initial extent

0–1

Normalized

0–1
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4. Distance matrix

To combine the two feature sets,
they must fi rst be normalized independently.



p q
d
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Each feature is a dimension for describing a logo.
Together, they form an n-dimensional space—the “space of logos.”

This enables calculating the Euclidean distance
between two points (logos) within the space—
a measurement of their similarity.

4. Distance matrix



22.65585t 0 20.30818 15.83581 17.60751

0

Walmart Apple Exxon Mobil McKesson
Berkshire
Hathaway

22.65585 Walmart

Berkshire Hathaway

Apple

Exxon Mobil

McKesson

UnitedHealth Group

CVS Health

General Motors

30.05652 20.74215 14.98730

30.05652 20.30818 0 25.22732 28.32987

20.74215 15.83581 25.22732 0 17.84799

11.07304

UnitedHealth
Group

19.48658

20.34397

16.52740

14.83402

32.29748

CVS Health

26.64625

37.80716

26.67482

30.27049

19.48658

26.64625

11.07304

32.29748

20.34397

37.80716

16.52740

26.67482

14.83402

30.27049

0

32.93077

27.11042 31.06151 37.25250 29.44294 28.88743 31.78418 31.17721

AT&T49.49596 53.56491 54.49421 53.04318 51.71548 52.81218 51.24819

32.93077

0

14.98730 17.60751 28.32987 17.84799 0

30

4. Distance matrix

Calculating all pairwise distances yields a distance matrix.



31

5. Dimensionality reduction

Reducing the dimensionality of
the distance matrix results in
a point cloud that can be plotted.

Algorithm
t-SNE

Steps
600

Epsilon
10

Perplexity
15
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5. Dimensionality reduction

Each point corresponds with
a Fortune 500 company logo
and can be replaced by their logo.

Still need to resolve:
– Boundary violations
– Overlapping logos
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6. Linear assignment

Introducing a grid to align points
solves both problems.

Pairing cells and points
is an assignment problem—
a form of optimization.

Cells per side
30

Number of cells
900
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6. Linear assignment

Each point is assigned to a cell.
The further a point moves,
the more it distorts the data.

The goal is to achieve
the lowest overall distortion.

Algorithm
Jonker-Volgenant

Cells per side
30
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6. Linear assignment

Result of the linear assignment.
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6. Linear assignment

This output is one of many
in a “space of solutions.”

By surfacing parameters,
users can manipulate the outcome.
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7. Data visualization

For manipulation of the solution space to be possible,
it must be wrapped in a larger context—a user interface.
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7. Data visualization

An interactive exhibit requires some transformations
to be calculated live—in the browser.

1. Data wrangling
2. Feature detection
3. Feature selection
4. Distance matrix
5. Dimensionality reduction
6. Linear assignment
7. Data visualization

Live

Pre-calculated



Thread 1
Update UI

Thread 2
t-SNE Step

Time

Thread 3
Linear
Assignment

39

7. Data visualization

It simply isn’t feasible to calculate it all in the main UI thread—
it would block the UI, or worse, crash the browser.
The heavy lifting must be moved to additional threads.
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7. Data visualization

The result is an interactive visualization,
where users can adjust the parameters,
to fi nd similarities and differences,
in the logos of the Fortune 500.

Let’s take a look:
fortune500.knutsynstad.com

Source code
github.com/knutsynstad/fortune500
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If you have a moment,
I’d like to share another example.
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In 2006, Bill Drenttel and Jessica 
Helfand patented the 3 × 4 grid.

There may have 
been prior art
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The 3 × 4 grid forms a solution 
space with a fi nite number of 
permutations.

How do you fi nd them all?
It seemed like a simple
counting problem.

Turned out not to be.

The 892 unique 
ways to partition 
a 3 × 4 grid

This poster illustrates a change in design practice. Compu-
tation-based design—that is, the use of algorithms to 
compute options—is becoming more practical and more 
common. Design tools are becoming more computa-
tion-based; designers are working more closely with 
programmers; and designers are taking up programming. 

Above, you see the 892 unique ways to partition a 3 × 4 grid 
into unit rectangles. For many years, designers have used 
grids to unify diverse sets of content in books, magazines, 
screens, and other environments. The 3 × 4 grid is a com-
mon example. Yet even in this simple case, generating all 
the options has—until now—been almost impossible. 

Patch Kessler designed algorithms to generate all the 
possible variations, identify unique ones, and sort them—
not only for 3 × 4 grids but also for any n × m grid. He 
instantiated the algorithms in a MATLAB program, which 
output PDFs, which Thomas Gaskin imported into Adobe 
Illustrator to design the poster. 

Rules for generating variations
The rule system that generated the variations in the poster 
was suggested by Bill Drenttel and Jessica Helfand who 
noted its relationship to the tatami mat system used in 
Japanese buildings for 1300 years or more. In 2006, 
Drenttel and Helfand obtained U.S. Patent 7124360 on this 
grid system—“Method and system for computer screen lay-
out based on recombinant geometric modular structure”. 

The tatami system uses 1 × 2 rectangles. Within a 3 × 4 grid, 
1 × 2 rectangles can be arranged in 5 ways. They appear at 
the end of section 6. 

Unit rectangles (1 × 1, 1 × 2, 1 × 3, 1 × 4; 2 × 2, 2 × 3, 2 × 4; 
3 × 3, 3 × 4) can be arranged in a 3 × 4 grid in 3,164 ways. 
Many are almost the same—mirrored or rotated versions 
of the same configuration. The poster includes only unique 
variations—one version from each mirror or rotation 
group. Colors indicate the type and number of related 
non-unique variations. The variations shown in black have 
3 related versions; blue, green, and orange have 1 related 
version; and magenta variations are unique, because 
mirroring and rotating yields the original, thus no other 
versions. (See the table to the right for examples.) 

Rules for sorting
The poster groups variations according to the number of 
non-overlapping rectangles. The large figures indicate the 
beginning of each group. The sequence begins in the upper 
left and proceeds from left to right and top to bottom. Each 
group is further divided into sub-groups sharing the same 
set of elements. The sub-groups are arranged according to 
the size of their largest element from largest to smallest. 
Squares precede rectangles of the same area; horizontals 
precede verticals of the same dimensions. Within sub-
groups, variations are arranged according to the position 
of the largest element, preceding from left to right and top 
to bottom. Variations themselves are oriented so that the 
largest rectangle is in the top left. Black dots separate 
groups by size. Gray dots separate groups by orientation.

Where to learn more
Grids have been described in design literature for at least 
50 years. French architect Le Corbusier describes grid 
systems in his 1946 book, Le Modulor. Swiss graphic 
designer Karl Gerstner describes a number of grid systems 
or “programmes” in his 1964 book, Designing Programmes. 
The classic work on grids for graphic designers is Josef 
Muller-Brockman’s 1981 book, Grid Systems.

Patch Kessler explores the mathematical underpinnings 
of grid generation in his paper “Arranging Rectangles”. 
www.mechanicaldust.com/Documents/Partitions_05.pdf

Thomas Gaskin has created an interactive tool for viewing 
variations and generating HTML. www.3x4grid.com

Design:  Thomas Gaskin
Creative Direction: Hugh Dubberly
Algorithms: Patrick Kessler
Patent: William Drenttel + Jessica Helfand

Copyright © 2011 
Dubberly Design Office
2501 Harrison Street, #7
San Francisco, CA 94110
415 648 9799

26 × Magenta
All three symmetries combined
Unchanged by horizontal reflection, 
vertical reflection, or
180º rotation.

26 × Green
Rotational symmetry
Changed by horizontal and 
vertical reflection.

61 × Blue
Top-bottom symmetry
Changed by horizontal reflection 
and 180º rotation.

76 × Orange
Left-right symmetry
Changed by vertical reflection and 
180º rotation.

703 × Black
Asymmetric
Changed by horizontal reflection, 
vertical reflection, and 
180º rotation.

Original
Horizontal 
Reflection

Vertical 
Reflection

180º 
Rotation

R R R RR R R

310 of

433 of

590 of

7232 of

8201 of

9105 of

1035 of

116 of 121 of

23 of11 of

6175 of

3 × 4’s 3 × 3’s

3 × 3’s

3 × 3’s2 × 4’s

2 × 4’s

2 × 4’s

2 × 4’s

2 × 3’s 2 × 3’s

2 × 3’s

2 × 3’s

2 × 3’s

2 × 3’s

1 × 4’s

1 × 4’s

1 × 4’s

1 × 4’s

1 × 4’s

1 × 4’s

1 × 4’s2 × 2’s

2 × 2’s

2 × 2’s

2 × 2’s

2 × 2’s

2 × 2’s

2 × 2’s

1 × 3’s

1 × 3’s

1 × 3’s

1 × 3’s

1 × 3’s

1 × 3’s

1 × 2’s

1 × 2’s

1 × 2’s

1 × 2’s

1 × 2’s

1 × 2’s

1 × 1’s
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Last year, I explored the Tic-Tac-Toe solution space.
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This poster includes all 765 unique
game board confi gurations of the
Tic-Tac-Toe solution space
and the relationships between them.

H1 • B3-E3 H1, N1 • F3-K3 H1, S1 • L3-Q3 H1, N1 • R3-W3 H1, K1 • B3, 
X3-AB3

H1, Q1 • S3, 
AC3-D4

H1, K1 • E4-J4 I1, M1 • I3, K4-O4 I1, P1 • F3, M4, 
P4-S4

• D1-F1 B1 • H1-L1 B1 • M1-Q1 B1 • R1, S1 D1 • U1-AA1 D1 • AB1-E2 D1 • F2-I2 D1 • Y1, AA1, 
J2-N2

D1 • C2, O2-Q2 E1 • AB1, B2, 
Q2-U2

E1 • V1, X1, J2, N2, 
V2-X2

E1 • F2, H2, Y2, Z2 E1 • AC1, D2, O2, 
T2, U2, AA2, AB2

E1 • Z1, K2, W2, 
AC2

F1 • A2, P2, S2, 
AA2

F1 • W1, L2, V2, 
AC2

I1, R1 • L3, O3, 
T4-W4

I1, M1 • R3, C4, 
X4-AA4

I1, L1 • D3, X3, 
AB3, AB4-A5

I1, P1 • U3, AC3, 
Y4, B5-D5

I1 • E4, I4, E5, F5 J1, O1 • G3, K4, P4, 
G5-I5

J1 • C3, Y3, AB4, 
J5

J1, O1 • T3, A4, X4, 
B5, K5, L5

J1 • G4, E5 K1, N1 • J3, L4, R4, 
G5, M5, N5

K1, Q1 • H3, N4, 
Q4, H5, M5, O5

K1, S1 • N3, P3, 
T4, V4, P5, Q5

K1 • E3, Z3, AC4, 
J5

K1, N1 • V3, B4, 
Z4, C5, K5, R5

L1, P1 • K3, O4, S4, 
I5, N5, O5

L1, R1 • Q3, W4, 
Q5

L1, M1 • W3, D4, 
AA4, D5, L5, R5

M1 • S5-V5 M1, R1 • W5-AB5 M1, P1 • S5, 
AC5-D6

M1, P1 • E6-J6 N1, S1 • X5, Y5, 
K6-N6

N1, Q1 • U5, AC5, 
C6, O6-Q6

N1 • F6, H6, R6, S6 O1 • T5, A6, O6, T6 O1 • G6, R6 P1, R1 • Z5, AB5, 
L6, N6, U6, V6

P1 • V5, B6, P6, T6 Q1, S1 • AA5, M6, 
U6

U1, Y1 • X6-AB6 U1, G2 • AC6-B7 U1, C2 • C7-G7 U1, M2 • H7-J7 V1, AC1 • K7-O7 V1, F2 • AC6, 
P7-S7

V1, K2 • Y6, T7-W7 V1, AB1 • C7, 
X7-AA7

V1, J2 • H7, 
AB7-B8

V1, O2 • E7, C8-F8 W1, A2 • K7, 
G8-J8

W1 • X6, K8, L8 W1, L2 • X6, T7, 
M8-O8

W1, A2 • D7, X7, 
P8-R8

W1, L2 • I7, AB7, 
S8-U8

W1, P2 • D7, C8, 
V8-X8

X1, B2 • L7, G8, 
Y8-AA8

X1, Z1 • Y6, AA6, 
K8, AB8, AC8

X1, H2 • AC6, P7, 
A9-C9

X1, D2 • E7, Y7, P8, 
D9, E9

X1, N2 • H7, AC7, 
B8, S8, F9

X1, Q2 • C7, D8, 
V8, G9, H9

Y1, C2 • M7, H8, 
Y8, I9, J9

Y1, G2 • A7, Q7, 
A9, K9, L9

Y1, M2 • AB6, U7, 
M8, M9, N9

Y1 • J7, A8, T8, F9 Y1, C2 • G7, E8, 
W8, G9, O9

Z1, D2 • N7, I8, Z8, 
I9, P9

Z1, H2 • B7, R7, 
B9, K9, Q9

Z1, N2 • AA6, V7, 
W7, N8, M9

Z1, B2 • F7, Z7, Q8, 
D9, R9

Z1, Q2 • F7, F8, X8, 
H9, O9

AA1, E2 • O7, J8, 
AA8, J9, P9

AA1 • AB6, L8, 
AC8

AA1, I2 • A7, S7, 
C9, L9, Q9

AA1 • Z6, W7, O8, 
N9

AA1, E2 • G7, AA7, 
R8, E9, R9

AA1 • J7, B8, U8 AB1, F2 • S9-W9 AB1, J2 • AA8, 
X9-AA9

AB1, AC1 • 
AB9-C10

AB1, K2 • O9, R9, 
D10-F10

AB1, O2 • G10-K10 AC1, F2 • S9, 
L10-O10

AC1, K2 • P9, X9, 
P10-R10

AC1, J2 • E8, E9, 
D10, S10, T10

AC1, O2 • G10, 
U10-X10

A2, L2 • J8, Y9, 
P10, Y10, Z10

A2 • AC9, AA10, 
AB10

A2, L2 • R8, W8, 
E10, S10, AC10

A2, P2 • H10, U10, 
A11-C11

B2, H2 • T9, W9, 
L10, D11, E11

B2, D2 • A10-C10, 
AA10, F11

B2, N2 • AA7, G9, 
F10, T10, AC10

B2, Q2 • I10, V10, 
A11, G11, H11

C2, G2 • U9, M10, 
D11, I11, J11

C2, M2 • J9, Z9, 
Q10, Y10, K11

C2 • J10, W10, 
B11, G11

D2, H2 • V9, N10, 
O10, E11, I11

D2, N2 • O7, AA9, 
R10, Z10, K11

D2, Q2 • J10, K10, 
X10, C11, H11

E2, I2 • W9, O10, 
J11

E2 • C10, AB10 F2, J2 • Q7, C9, 
L11-N11

F2, K2 • K9, Q9, 
L11, O11, P11

F2, O2 • M10, I11, 
Q11-S11

G2, M2 • L9, M11, 
O11

H2, N2 • S7, A9, 
M11, N11, P11

H2, Q2 • U9, D11, 
R11-T11

J2, K2 • U7, AC8, 
M9, U11, V11

J2, O2 • M7, K11, 
W11-Y11

K2, O2 • I9, Q10, 
W11, Z11, AA11

L2 • L8, M8, V11 L2, P2 • H8, Y10, 
X11, Z11, AB11

N2, Q2 • Y8, Z9, 
Y11, AA11, AB11

R2, T2 • I10, H11, 
AC11-B12

R2, Y2 • T9, T11, 
C12

R2, W2 • Z7, H9, 
F10, D12, E12

R2, AB2 • A10, F12, 
G12

S2 • A11, AC11, 
H12

S2, V2 • G8, Y9, 
AB11, I12, J12

S2, V2 • X7, V8, 
AC10, D12, K12

S2, AA2 • H10, 
C11, AC11, L12, 
M12

S2, AC2 • Q8, X8, 
E10, D12, N12

S2, AA2 • AC9, 
AA10, F12, O12, 
P12

T2, W2 • Z8, X9, 
AA11, I12, Q12

B3, M3, N3 • 
Y12-AB12

B3, H3, S3 • 
AC12-C13

B3, H4 • D13-F13 B3, S3, B4 • 
G13-J13

B3, Z3, F4 • E13, 
K13-M13

C3, G3, T3 • AC12, 
N13-P13

T2, Y2 • S9, E11, 
R11, C12, R12

T2, AB2 • G10, 
X10, B12, L12, S12

T2, W2 • F8, D9, 
D10, E12, N12

T2 • AB9, F11, G12, 
O12

U2 • V10, B12, H12 U2, X2 • L7, AA9, 
Y11, J12, Q12

U2, Z2 • V9, L10, 
S11, C12, R12

U2, X2 • Y7, D8, 
T10, E12, K12

U2 • K10, A12, 
M12, S12

U2 • B10, G12, P12 V2 • AB7, S8, T12 V2, AA2 • K7, Z10, 
X11, J12, U12

V2, AC2 • T7, K8, 
N8, V11, V12

V2, AA2 • C8, P8, 
S10, K12, N12

W2, Y2 • R7, B9, 
L11, P11, W12

W2, AB2 • N7, 
R10, W11, Q12, 
U12

W2 • V7, AB8, 
U11, V12

X2, Z2 • P7, N11, 
W12

X2 • AC7, T12 Y2, AB2 • N10, 
Q11, R12

AA2, AC2 • I8, P10, 
Z11, I12, U12

AA2 • U10, H12, 
L12

C3, Y3, G4 • D13, 
K13, Q13, R13

C3, A4 • G13, S13 D3, I3, W3 • C13, 
N13, T13, U13

D3, O3, Q3 • Z12, 
AB12, V13, W13

D3, K3, U3 • A13, 
P13, U13, X13

D3, C4, D4 • I13, 
J13, S13, Y13

D3, AB3, I4 • F13, 
L13, R13, Z13

E3, J3, V3 • B13, 
O13, T13, X13

E3, P3 • AA12, V13 E3, AA3, J4 • E13, 
M13, Q13, Z13

F3, L3, L6 • 
AA13-A14

F3, R3, F6 • 
B14-E14

F3, X3, N5 • F3, AC3, P6 • 
F14-I14

F3, E4, C5 • 
J14-M14

G3, T3, R6 • B14, 
N14-P14

G3, Y3, G5 • G3, A4, O6 • F14, 
Q14-S14

G3, G4, K5 • J14, 
T14-V14

H3, N3, M6 • 
AA13, W14-Y14

H3, Z3, M5 • H3, B4, Q6 • G14, 
Q14, Z14, AA14

H3, B4, H4 • K14, 
T14, AB14, AC14

I3, O3, Y5 • AB13, 
W14, A15, B15

I3, U3, H6 • C14, 
N14, C15, D15

I3, C4, U5 • H14, 
R14, Z14, E15

I3, I4, Z4 • L14, 
U14, AB14, F15

J3, P3, K6 • AC13, 
X14, A15, G15

J3, V3, S6 • D14, 
O14, C15, H15

J3, AA3 • J3, V3, J4 • M14, 
V14, AC14, F15

K3, Q3, N6 • A14, 
Y14, B15, G15

K3, W3, H6 • E14, 
P14, D15, H15

K3, AB3, R4 • K3, D4, C6 • I14, 
S14, AA14, E15

L3, R3, X5 • I15-L15 L3, X3, Q5 • Z12, 
M15-O15

L3, AC3, U6 • 
P15-S15

L3, E4, T4 • M3, S3, M6 • I15, 
P15, T15, U15

M3, F4, P5 • N3, Z3, P5 • AA12, 
M15, V15, W15

N3, B4, M6 • Q15, 
T15, X15, Y15

N3, H4 • O3, U3, N6 • J15, 
P15, Z15, AA15

O3, C4, AA5 • I15, 
R15, X15, AB15

O3, I4, V4 • P3, V3, K6 • K15, 
T15, Z15, AC15

P3, AA3 • Y12, 
N15, V15

P3, J4 • Q3, W3, Y5 • L15, 
U15, AA15, AC15

Q3, AB3, V4 • 
AB12, N15, O15, 
W15

Q3, D4, AA5 • S15, 
U15, Y15, AB15

R3, X3, R5 • I13, 
A16-C16

R3, AC3, AC5 • 
D16-G16

R3, E4, L4 • F15, 
H16-J16

S3, Q6 • D16, K16, 
L16

S3, F4, M5 • AC14, 
H16, M16, N16

T3, Y3, K5 • G13, 
A16, O16, P16

T3, A4, O6 • E16, 
K16, Q16, R16

T3, G4, G5 • V14, 
I16, M16, S16

U3, C4, C6 • D16, 
F16, Q16, T16

U3, I4, R4 • M14, 
J16, N16, S16

V3, AA3 • H13, 
B16, O16

W3, AB3, Z4 • J13, 
B16, C16, P16

W3, D4, U5 • G16, 
L16, R16, T16

X3, AC3, O5 • A13, 
U16-W16

X3, E4, AC4 • L13, 
Z13, X16, Y16

Y3, A4, H5 • AC12, 
U16, Z16, AA16

Y3, G4, J5 • K13, 
Q13, X16, AB16

Z3, B4, M5 • B13, 
V16, Z16, AC16

Z3, H4 • M13, Y16, 
AB16

AB3, D4, N4 • C13, 
W16, AA16, AC16

AC3, E4, Q4 • K14, 
N16, A17, B17

A4, G4, H5 • T14, 
M16, A17, C17

C4, I4, N4 • AB14, 
H16, B17, C17

K4, P4, A6 • 
D17-G17

K4, X4, T5 • R14, 
H17-J17

K4, AB4, L5 • N13, 
AA16, K17, L17

K4, B5, G6 • N14, 
M17-O17

K4, X4, E5 • U14, 
I16, C17, P17

L4, Q4, AC5 • D17, 
Q17-S17

L4, T4, X5 • A15, 
T17-V17

L4, AC4, R5 • T13, 
AC16, K17, W17

L4, C5, F6 • C15, 
M17, X17, Y17

M4, D6 • E17, Q17, 
Z17

M4, U4, AB5 • 
AB13, T17, AA17, 
AB17

M4, Y4, V5 • H14, 
H17, AC17, A18

M4, Y4, J6 • C14, 
N17, X17, B18

M4, Y4, F5 • L14, 
J16, B17, P17

N4, R4, C6 • F17, 
Q17, R17, C18

N4, V4, AA5 • 
W14, U17, AA17, 
D18

N4, Z4, U5 • Z14, 
I17, AC17, E18

O4, S4, B6 • G17, 
S17, Z17, C18

O4, W4, Z5 • B15, 
V17, AB17, D18

O4, AA4, S5 • E15, 
J17, A18, E18

O4, A5, D5 • U13, 
W16, L17, W17

O4, D5, I6 • D15, 
O17, Y17, B18

P4, X4, G6 • B14, 
N17, F18, G18

P4, AB4, I5 • P4, B5, T6 • F14, 
H17, H18, I18

P4, B5, E5 • J14, 
S16, A17, P17

Q4, T4, U6 • AA13, 
AA17, J18, K18

Q4, AC4, O5 • Q4, C5, P6 • G14, 
AC17, H18, L18

R4, V4, N6 • AC13, 
T17, J18, M18

R4, Z4, H6 • D14, 
X17, F18, N18

S4, W4, V6 • A14, 
AB17, K18, M18

S4, AA4, E6 • E14, 
B18, G18, N18

S4, A5 • S4, D5, B6 • I14, 
A18, I18, L18

T4, AC4, Q5 • V13, 
M15, W15, O18

T4, C5, L6 • Q15, 
Z15, P18, Q18

U4, Y4, AB5 • J15, 
R15, P18, R18

U4, F5 • V4, Z4, Y5 • K15, 
X15, P18, S18

W4, AA4, W5 • 
L15, AB15, R18, 
S18

W4, A5 • W13, O15, 
O18

W4, D5, Z5 • S15, 
AA15, Q18, R18

X4, AB4, L5 • S13, 
A16, P16, T18

X4, B5, A6 • E16, 
Q16, U18, V18

Y4, D6 • F16, U18, 
W18

AA4, A5 • Y13, 
C16, T18

AA4, D5, S5 • G16, 
T16, V18, W18

AB4, B5, I5 • P13, 
U16, L17, X18

AB4, E5 • R13, X16 AC4, C5, N5 • X13, 
V16, W17, X18

G5, H5, O6 • D17, 
F17, Y18, Z18

G5, J5, K5 • O13, 
Z16, K17, X18

G5, K5, R6 • O14, 
M17, F18, AA18

H5, J5 • H5, K5, O6 • Q14, 
I17, H18, AB18

I5, T6 • G17, Z18 I5, L5, A6 • S14, 
J17, I18, AB18

I5, L5, G6 • P14, 
O17, G18, AA18

L5, T5 • R16, V18 M5, Q6 • R17, Y18, 
AC18

M5, P5, M6 • X14, 
U17, J18, A19

N5, O5, P6 • S17, 
C18, Z18, AC18

N5, Q5, L6 • G15, 
V17, M18, A19

N5, R5, F6 • H15, 
Y17, N18, AA18

O5, Q5, U6 • Y14, 
D18, K18, A19

O5, R5, AC5 • 
AA14, E18, L18, 
AB18

Q5, R5, X5 • Y15, 
AC15, Q18, S18

S5, W5, Z5 • 
B19-E19

X6, T8 • AA19, 
AB19

X6, D7, H8 • 
AC19-B20

X6, I7, M8 • AA19, 
C20, D20

X6, D7, W8 • 
E20-G20

Y6, AC6, K9 • 
H20-J20

S5, I6 • F19-H19 S5, B6, E6 • G19, 
I19-K19

T5, A6, G6 • F19, 
I19, L19, M19

U5, Y5, AA5 • B19, 
D19, N19, O19

U5, C6, H6 • H19, 
J19, L19, P19

V5, AB5 • E19, O19 V5, D6, J6 • G19, 
K19, M19, P19

W5, E6, V6 • X5, AC5, U6 • B19, 
Q19-S19

X5, F6, L6 • Y5, H6, N6 • Z5, B6, V6 • E19, 
Q19, T19, U19

Z5, I6 • AA5, C6, N6 • D19, 
R19-T19

AB5, D6 • C19, 
S19, U19

AB5, J6 • AC5, F6, P6 • J19, 
P19, V19, W19

A6, G6, T6 • I19, 
M19, V19, X19

B6, I6 • K19, W19, 
X19

K6, S6 • L6, P6, U6 • O19, 
Q19, T19, Y19

M6, Q6 • N19, R19, 
Y19

O6, R6 • L19, V19

Y6, E7, I9 • AC19, 
K20, L20

Y6, H7, M9 • C20, 
M20, N20

Y6, C7, O9 • E20, 
O20, P20

Z6, A7 • H20, Q20 Z6, AB6, J7 • 
AA19, M20, R20

Z6, G7 • F20, O20 AA6, B7, A9 • H20, 
I20, S20

AA6, F9 • AB19, 
M20

AA6, F7, Y8 • A20, 
K20, T20

AA6, F7, G9 • G20, 
O20, P20

AB6, A7, L9 • J20, 
Q20, S20

AB6, G7, J9 • B20, 
L20, T20

AB6, J7, N9 • D20, 
N20, R20

AC6, C7, U9 • 
U20-W20

AC6, H7, M11 • AC6, E7, I11 • U20, 
X20, Y20

A7, J7, L9 • A7, G7, J11 • W20, 
X20, Z20

B7, F7, D11 • V20, 
Y20, Z20

C7, H7, Z9 • 
AA20-AC20

C7, E7, J10 • 
A21-C21

D7, I7, Y10 • AA20, 
D21, E21

D7, B11 • A21, F21 E7, H7, K11 • 
AB20, D21, G21

F7, G11 • C21, F21 G7, J7, J9 • AC20, 
E21, G21

K7, T7, P10 • 
H21-J21

K7, X7, AC9 • 
K21-M21

K7, AB7, S10 • 
N21-P21

K7, C8, U10 • 
Q21-S21

L7, P7, L10 • 
T21-V21

L7, Y7, B10 • K21, 
W21, X21

L7, AC7, T10 • N21, 
Y21, Z21

L7, D8, V10 • Q21, 
AA21, AB21

N7, R7, N10 • U21, 
AC21, A22

N7, V7, R10 • I21, 
B22, C22

N7, Z7, A10 • L21, 
W21, D22

N7, F8, X10 • S21, 
AB21, E22

O7, S7, O10 • V21, 
A22, F22

O7, W7, P9 • J21, 
C22, G22

O7, AA7, C10 • 
M21, X21, D22

O7, B8, E9 • G21, 
P21, Z21

P7, Y7, V9 • U20, 
H22, I22

P7, AC7, N11 • P7, D8, S11 • U20, 
J22, K22

R7, V7, P11 • I20, 
L22, M22

R7, Z7, T9 • V20, 
H22, N22

R7, F8, R11 • Y20, 
K22, O22

S7, W7, Q9 • H20, 
M22, P22

S7, AA7, W9 • 
W20, I22, N22

S7, B8, C9 • T7, X7, E10 • E20, 
Q22, R22

T7, AB7, V11 • 
C20, S22, T22

T7, C8, Z11 • AC19, 
U22, V22

V7, Z7, F10 • P20, 
Q22, W22

V7, F8, AA11 • K20, 
V22, X22

W7, AA7, R9 • 
O20, R22, W22

W7, B8, AC8 • 
M20, N20, T22

X7, AB7, Y9 • 
AA20, Y22, Z22

X7, C8, H10 • A21, 
AA22, AB22

Y7, AC7, AA9 • 
AB20, Z21, Y22

Y7, D8, K10 • B21, 
AA22, AC22

Z7, F8, I10 • C21, 
AB22, AC22

AA7, B8, AA8 • 
AC20, Z21, Z22

AB7, C8, X11 • 
D21, O21, A23

AC7, D8, Y11 • 
AB20, Y21, A23

G8, K8, Q8 • A20, 
B23, C23

G8, P8, AA10 • 
K21, D23, E23

G8, S8, AC10 • 
N21, Z22, F23

G8, V8, A11 • Q21, 
G23, H23

H8, M8, Y10 • H21, 
I23, J23

H8, T8, W8 • E21, 
O21, F23

H8, W8, B11 • R21, 
G23, K23

I8, K8, P8 • AC19, 
B23, L23

I8, N8, Z10 • I21, 
J21, I23

I8, Q8, AA10 • L21, 
D23, M23

I8, X8, C11 • S21, 
H23, K23

K8, N8, S8 • AB19, 
C20, T22

K8, V8, X8 • E20, 
G20, N23

M8, T8 • D20, S22 M8, W8, Y10 • B20, 
U22, O23

N8, Q8, AC10 • 
G20, Q22, R22

N8, X8, AB11 • 
A20, V22, O23

P8, S8, Z10 • D21, 
P21, Y22

P8, V8, C11 • A21, 
AA22, P23

Q8, X8, A11 • F21, 
AB22, P23

S8, V8, AB11 • 
AA20, A23, F23

Y8, A9, D11 • T21, 
Q23, R23

Y8, F9, G9 • AC20, 
Y21, F23

Y8, G9, G11 • 
AA21, G23, S23

Z8, AB8, D9 • K20, 
B23, T23

Z8, B9, E11 • U21, 
Q23, U23

Z8, D9, F11 • W21, 
D23, V23

Z8, H9, H11 • 
AB21, H23, S23

AA8, AC8, R9 • 
T20, C23, T23

AA8, C9, W9 • V21, 
R23, U23

AA8, E9, C10 • 
X21, E23, V23

AB8, B9 • I20, W23 AB8, H9 • P20, 
N23

AC8, C9, Q9 • J20, 
S20, W23

AC8, E9, P9 • L20, 
L23, T23

A9, F9 • A9, G9, D11 • W20, 
J22, X23

B9, D9, E11 • Y20, 
H22, Y23

B9, H9, T11 • V20, 
K22, X23

C9, E9, O10 • X20, 
I22, Y23

D9, H9, H11 • C21, 
AC22, P23

I9, K9, I11 • AC21, 
Q23, Z23

I9, M9, K11 • B22, 
G22, I23

I9, O9, J10 • E22, 
K23, S23

J9, L9, J11 • F22, 
R23, Z23

J9, N9 • G22, J23 K9, M9, M11 • S20, 
L22, P22

K9, O9, U9 • Z20, 
O22, X23

L9, N9 • Q20, P22 M9, O9, Z9 • T20, 
X22, O23

P9, Q9, O10 • A22, 
U23, Z23

P9, R9, C10 • D22, 
M23, V23

Q9, R9, W9 • Z20, 
N22, Y23

S9, X9, L11 • U23, 
AA23, AB23

S9, AB9 • S9, D10, L11 • O22, 
Y23, AC23

S9, G10, Q11 • 
A24-C24

T9, A10, N10 • T9, F10, P11 • N22, 
X23, AC23

T9, I10, R11 • A24, 
D24, E24

U9, Z9, M11 • R23, 
AA23, F24

U9, J10, I11 • B24, 
D24, G24

V9, AA9, N11 • 
V21, AB23, F24

V9, B10, L10 • V9, K10, S11 • C24, 
E24, G24

W9, C10, O10 • X9, AB9, D10 • 
V23, H24, I24

X9, D10, U11 • X22, 
T23, J24

X9, G10, W11 • Y9, AC9, S10 • E23, 
H24, K24

Y9, E10, V11 • C23, 
O23, J24

Y9, H10, X11 • Z9, J10, K11 • AA9, B10, T10 • 
X21, I24, K24

AA9, K10, Y11 • AB9, G10 • L24, 
M24

AC9, E10, P10 • 
M23, H24, N24

AC9, H10, U10 • 
L24, O24, P24

A10, F10, R10 • 
D22, I24, N24

A10, I10, X10 • 
M24, O24, Q24

B10, K10, V10 • 
M24, P24, Q24

D10, G10, W11 • 
E22, R24, S24

E10, H10, Z11 • 
K23, R24, T24

F10, I10, AA11 • 
S23, S24, T24

L10, T10, N11 • I22, 
J22, AC23

L10, V10, S11 • 
A24, U24, V24

N10, R10, P11 • 
A22, AB23, W24

N10, X10, R11 • 
B24, C24, V24

P10, S10, V11 • 
U22, L23, J24

P10, U10, Z11 • R10, X10, AA11 • S10, U10, X11 • 
R21, R24, X24

T10, V10, Y11 • 
AA21, S24, X24

Y10, B11 • Z10, AA10, AC10 • 
M21, K24, N24

Z10, C11, AB11 • AA10, A11, C11 • 
O24, P24, Y24

AC10, A11, AB11 • 
G23, T24, X24

D11, G11 • D24, 
U24

E11, F11 • E11, H11, T11 • 
D24, E24, V24

F11, H11 • Q24, Y24 I11, K11, M11 • 
F22, F24, W24

L11, U11 • L22, 
W23

L11, Q11, W11 • 
AC21, W24, Z24

N11, S11, Y11 • 
T21, F24, Z24

P11, R11, AA11 • 
Q23, AA23, Z24

U11, W11 • B22, 
AA24

Y12, AA12, E13 • Y12, H13, T15 • 
G25

Z12, A13, Y14, P15 
• H25, I25

V11, X11, Z11 • 
H21, I23, AA24

AC11, D12, I12 • 
H23, T24, AB24

AC11, O12 • Y24, 
AC24

AC11, D12, N12 • 
AB22, P23, A25

AC11, F12, L12 • 
O24, AC24, B25

A12, C12 • E24, 
C25

A12, B12, G12 • 
Q24, AC24, D25

A12, E12 • AC22, 
A25

B12, C12, R12 • 
A24, V24, C25

B12, E12, Q12 • 
AB21, S24, AB24

B12, G12, S12 • 
M24, B25, D25

C12, E12, W12 • 
H22, K22, AC23

C12, G12, R12 • D12, V12 • Q22, 
N23

D12, F12, U12 • 
L21, N24, E25

E12, G12, Q12 • 
W21, I24, E25

I12, L12, U12 • I12, N12, V12 • 
V22, B23, J24

I12, N12, O12 • 
D23, H24, E25

L12, N12, U12 • 
S21, R24, AB24

L12, O12 • L24, B25 Q12, R12, W12 • 
U21, AB23, Z24

Q12, S12 • R12, S12 • C24, 
C25

U12, V12 • I21, 
AA24

Z12, I13, I15, Y15 • 
G25, J25

Z12, L13, W15 • AA12, B13, X14, 
T15 • H25, K25

AA12, M13, V15 • AB12, C13, W14, 
U15 • I25, K25

AB12, F13 • AB12, J13, U15, 
X15 • G25, J25

AC12, D13, G13, 
T14 • L25, M25

AC12, G13, Q14, 
K16 • N25, O25

AC12, K13, M16 • A13, I13, AA14, 
D16 • N25, P25

A13, L13, N16 • B13, E13, H13, 
AC14 • L25, Q25

B13, M13, AC14 • C13, F13, J13, 
AB14 • M25, Q25

C13, J13, Z14, L16 
• O25, P25

D13, K13, AB16 • 
R25

E13, M13 • R25, 
S25

G13, K13, M16, Z16 
• L25, T25

I13, L13, H16, AC16 
• Q25, T25

N13, P13, N14, P14 
• U25, V25

N13, S13, R14, R16 
• O25, W25

N13, R13, U14, P16 
• M25, X25

P13, R13, S16 • P13, S13, S14, Q16 
• N25, W25

R13, S13, AA16, 
C17 • M25, T25

T13, V13, A15, 
AC15 • K25, Y25

T13, X13, C15, H15 
• U25, Z25

T13, Z13, F15, B16 
• Q25, X25

U13, W13, B15, 
AA15 • I25, Y25

U13, D15 • V25, 
Z25

U13, Y13, E15, T16 
• P25, W25

V13, X13, G15, Z15 
• H25, Y25

V13, Z13, N15 • W13, Y13, AB15 • 
J25

X13, Z13, M14 • AA13, M15, A19 • AA13, G14, Q15, 
Y19 • AA25, AB25

AA13, K14, Q15 • AB13, C14, J15 • AB13, H14, R15, 
O19 • AA25, AC25

AB13, L14, P18 • AC13, D14, K15 • AC13, G15, N15 • AC13, M14, Z15 • A14, E14, L15 • A14, O15, M18 • A14, I14, S15, T19 • 
AB25, AC25

B14, A16, AA18 • B14, F14, E16, V19 
• A26, B26

B14, J14, I16, M17 
• C26, D26

C14, H14, F16, P19 
• A26, E26

C14, L14, J16, X17 
• C26, F26

D14, H15, B16 • D14, M14, C15, F15 
• D26, F26

E14, C16, N18 • E14, I14, G16, J19 • 
B26, E26

F14, U16, Z18 •

F14, J14, A17, H18 
• G26, H26

G14, V16, AC18 • G14, K14 • G26, I26 H14, L14, B17, 
AC17 • H26, I26

I14, W16, C18 • J14, X16, X18 • K14, V16, Y16 • N14, R14, Q16, L19 
• A26, J26

N14, U14, S16, F18 
• C26, D26

P14, P16, F18 • P14, S14, R16, L19 
• B26, J26

Q14, Z16, Y18 • Q14, T14 • G26, 
K26

R14, U14, C17, I17 
• H26, K26

S14, AA16, F17 • T14, Z16, AB16 • W14, Z14, X15, 
N19 • AA25, L26

W14, AB14, X15 • X14, V15 • X14, AC14, T15 • Y14, W15, J18 • Y14, AA14, Y15, 
R19 • AB25, L26

Z14, AB14 • I26, 
K26

AA14, AC16, R17 • A15, C15, Z15 • A15, F15, K15 • B15, D15, AA15 • B15, E15, AB15, 
D19 • AC25, L26

D15, E15, T16, H19 
• E26, J26

G15, H15, AC15 • I15, P15, D16, R19 
• M26, N26

I15, H16, U17 • J15, R15, F16, S19 
• M26, O26

J15, J16, T17 • K15, N15, AC15, 
B16 • G25, P26

L15, O15, C16, S18 
• J25, P26

L15, S15, G16, B19 
• N26, O26

M15, Q15, V16, 
A19 • H25, Q26

M15, Y16 • O15, S15, W16, 
D18 • I25, Q26

P15, N16, J18 • R15, B17, AA17 • U15, L16, N19 • 
N26

W15, Y15, AC16, 
U17 • K25, Q26

AA15, AB15, T16, 
D19 • N26, O26

A16, E16, U16, 
AB18 • N25, R26

A16, I16, X16, K17 
• T25, X25

C16, G16, W16, 
E18 • P25, R26

D16, H16, N16, R17 
• S26, T26

E16, I16, A17, D17 
• S26, U26

F16, J16, B17, Q17 
• T26, U26

K16, M16, Y18 • 
S26

P16, R16, AA16, 
I17 • O25, R26

Q16, S16, C17, F17 
• S26, U26

U16, X16, A17 • D17, K17, AB18 • D17, M17, H18, 
V19 • V26, W26

F17, I17, F18, L19 • 
V26, X26

G17, J17, G18, I19 
• X26, Y26

G17, L17, I18 • G17, O17, I18, X19 
• W26, Y26

J17, L17, T18, V18 
• W25, R26

J17, O17, V18, F19 
• J26, Z26

K17, M17, X18, 
AA18 • U25, AA26

L17, O17 • V25, 
AA26

Q17, T17, AA17, 
S19 • AB26, AC26

Q17, X17, AC17, 
P19 • V26, A27

R17, U17, J18, R19 
• AB26, B27

T17, X17, P18 • Z17, AB17, U19 • 
AC26

Z17, A18, B18, K19 
• Y26, A27

AA17, AC17, P18, 
O19 • AA25, C27

AB17, A18, R18, 
E19 • AC25, C27

AB17, B18, R18 • A18, B18, W18, 
G19 • E26, Z26

C18, D18, M18, T19 
• AC26, B27

C18, E18, N18, J19 
• X26, A27

D18, E18, S18, B19 
• L26, C27

G18, T18 • G18, I18, V18, I19 • 
B26, Z26

H18, X18, Z18 • M18, N18, S18 • R18, W18, C19 • 
O26

Z18-AB18, V19 • 
W26, X26

AC18, A19, Y19 • 
B27

B19, J19, T19 • C19, E19, G19 •

AB19, A20, G20, 
F23 • G27

AC19, C20, D21, 
I23 • H27

AC19, E20, A21, 
K23 • I27

A20, G20, F21, G23 
• I27

C20, E20, AA20, 
O23 • G27

H20, M20, S20 • H20, O20, W20, 
Z20 • J27

I20, K20, Y20, Q23 • 
K27

I20, P20, V20, X23 • 
J27

K20, P20, C21, S23 
• I27

M20, O20, T20, 
AC20 • G27

Q20, R20 • R20 • L27 S20, T20, Z20, R23 
• K27

U20, AB20, F24 • U20, B21, G24 • 
M27

V20, Y20, C21, D24 
• M27

W20, AC20, R23 • AA20, A21, D21 • AB20, B21 • I21, L21, Q22, N24 
• N27

I21, S21, V22 • L21, S21, AB22, 
O24 • O27

D19, H19 • E19, K19, U19 • F19, I19, X19 • D27 G19, K19 • D27, 
E27

O19, P19, S19 •

U21, W21, H22 • U21, AB21, K22, 
V24 • P27

V21, X21, I22 • V21, Z21, I22 • W21, AB21, AC22, 
Q24 • O27

X21, Z21 • Q27 A22, C22, M22 • 
R27

A22, D22, N22 • C22, D22, W22 • 
N27

H22, K22, AC22, 
E24 • M27

M22, N22, W22 • 
J27

Q22, V22, AB22, 
T24 • I27

B23, D23 • S27 B23, H23, N23, P23 
• I27

D23, H23, P23, Y24 
• O27

F23, G23 • T27 I23, K23, O23 • Q23, S23, X23, D24 
• P27

T23, U23, W23, Y23 
• K27

T23, V23 • S27 U23, V23, Y23 • AB23, AC23, I24 • AB23, C24, Z24 • AC23, A24, S24, 
Z24 • P27

A24, C24, M24 • E24, Q24, V24 • F24, G24 • H24, J24 • S27 H24, L24, R24 •

G25, K25, Q25 • H25 • I25, J25, P25, L26, 
N26 •

M25, O25, K26 • N25, T25, S26 • S25 • V25, W25, J26 • AA25, I26 • AC25, E26, O26 • B26, R26, X26 • F26 • G26 • M26, T26, AB26 • P26 • E27 •I24, M24, S24 • J24, R24, AA24 • N24, O24, T24 • C25, D25 • D25 • U27
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57 boards
23 wins for O

9
15 boards
12 wins for X
3 draws

0
Move (level)
1 board
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108 boards
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21 wins for X

1
3 boards
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12 boards
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21 wins for O

7
153 boards
58 wins for X

In this poster, we examine what Herbert Simon 
might call the “solution space” for tic-tac-toe,
a compound visualization of all its solutions—
every legal game move and the connections 
between them—in a single artifact.

Design for manufacture involves finding an 
optimal point in a solution space—or at least
a point that “satisfices.” Design for interaction 
involves defining a range within a solution space.

Understanding and representing the game
Most of us have played tic-tac-toe. It’s a deceptively
simple game. Two players claim unique symbols
(X or O) before alternating turns in placing their
symbol in an empty cell within a 3-by-3 grid. 
The first player to place 3 of their symbols in
a row, either cardinally or diagonally, wins.

End conditions are clear; either a player wins, or 
the game is a draw. The myriad ways of getting 
there are what makes the game fun. But what 
does the solution to tic-tac-toe look like? Drawing 
a single winning combination does not do justice 
to the complexity of the game.

Instead, imagine a map of all possible paths from 
blank board to finished game. We might call this 
the “solution space” for tic-tac-toe, where each 
path is but one way to navigate through the space.

Determining the solution space size
For the first move, there are 9 cells available.
For the second, there are 8, and so on. Follow to 
completion, and we get 9×8×7×6×5×4×3×2×1
or 9! boards for the final level. For each level (n) 
of gameplay, there are 9!/(9-n)! boards in total.
By adding the level totals together, we get an 
upper bound” of 986,410 boards—far too many 
to represent meaningfully.

For the visualization to be meaningful, the number
of boards must be reduced. We do this by intro-
ducing 3 rules; (1) removing duplicate boards 
reduces the count to 6,046, (2) removing illegal 
moves (play after a win) reduces the count to 5,478,
and (3) by removing symmetric duplicates (rota-
tional and reflectional) we are left with 765 unique 
boards. This poster displays them all in a matrix.

A board does not exist in isolation but is part of a 
larger sequence of gameplay. Below each board 
is a list of coordinates (positions in the matrix)—
its parents and children, the boards that precede 
and succeed it. Parents are listed before the bullet
point, while children are afterward.

Generating the solution space
As rules are introduced to restrict the size of the 
solution space, some filtering is required. 
Filtering can occur either during the generation, 
in a “filter-as-you-go” approach, or afterward. 

Our algorithm filters during generation by using 
two ordered lists, a processing queue, and a final 
collection for storing game boards. To begin, we 
seed the processing queue with a blank board.

While there are boards left in the processing 
queue, pull the first board (a) from the queue to 
generate candidate boards for the next move. 
Compare each candidate board against both the 
processing queue and the final collection to 
determine its uniqueness.

If a candidate board is unique, add it to the back 
of the processing queue so subsequent boards 
can be generated. If a candidate board already 
exists, flag the existing board based on its 
similarity to the candidate before discarding the 
candidate. The associated flag is what gives the 
boards their coloring. After generating, testing, 
and processing the candidates stemming from 
board (a), move it to the collection.

Design: Marina Menéndez-Pidal & Knut Synstad
Creative direction: Hugh Dubberly
Algorithms & development: Knut Synstad

Interactive website and source code:
tictactoe.dubberly.com

Copyright © 2019
Dubberly Design Office

The tic-tac-toe 
solution space

126 × Black boards
Black boards represent configurations that may 
have duplicates, but no transformational dupli-
cates. As a result, one configuration may have 
more than one parent.

95 × Blue boards
Blue boards represent configurations exhibiting 
rotational symmetry—such as 90°, 180°, and 270° 
rotations.

436 × Green boards
Green boards represent configurations exhibiting 
reflectional symmetry—such as horizontal, vertical,
diagonal, and counter diagonal reflections.

108 × Magenta boards
Magenta boards represent configurations exhib-
iting both rotational symmetry and reflectional 
symmetry.

138 × Highlighted boards
Highlights describe a game’s end state. Colorized 
cell backgrounds indicate a winning line, while a 
full board background indicates a draw. We were 
surprised that there are only three draw states.

Final boards Discarded duplicates (based on predefined rules)

“
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H1 • B3-E3 H1, N1 • F3-K3 H1, S1 • L3-Q3 H1, N1 • R3-W3 H1, K1 • B3, 
X3-AB3

H1, Q1 • S3, 
AC3-D4

H1, K1 • E4-J4 I1, M1 • I3, K4-O4 I1, P1 • F3, M4, 
P4-S4

• D1-F1 B1 • H1-L1 B1 • M1-Q1 B1 • R1, S1 D1 • U1-AA1 D1 • AB1-E2 D1 • F2-I2 D1 • Y1, AA1, 
J2-N2

D1 • C2, O2-Q2 E1 • AB1, B2, 
Q2-U2

E1 • V1, X1, J2, N2, 
V2-X2

E1 • F2, H2, Y2, Z2 E1 • AC1, D2, O2, 
T2, U2, AA2, AB2

E1 • Z1, K2, W2, 
AC2

F1 • A2, P2, S2, 
AA2

F1 • W1, L2, V2, 
AC2

I1, R1 • L3, O3, 
T4-W4

I1, M1 • R3, C4, 
X4-AA4

I1, L1 • D3, X3, 
AB3, AB4-A5

I1, P1 • U3, AC3, 
Y4, B5-D5

I1 • E4, I4, E5, F5 J1, O1 • G3, K4, P4, 
G5-I5

J1 • C3, Y3, AB4, 
J5

J1, O1 • T3, A4, X4, 
B5, K5, L5

J1 • G4, E5 K1, N1 • J3, L4, R4, 
G5, M5, N5

K1, Q1 • H3, N4, 
Q4, H5, M5, O5

K1, S1 • N3, P3, 
T4, V4, P5, Q5

K1 • E3, Z3, AC4, 
J5

K1, N1 • V3, B4, 
Z4, C5, K5, R5

L1, P1 • K3, O4, S4, 
I5, N5, O5

L1, R1 • Q3, W4, 
Q5

L1, M1 • W3, D4, 
AA4, D5, L5, R5

M1 • S5-V5 M1, R1 • W5-AB5 M1, P1 • S5, 
AC5-D6

M1, P1 • E6-J6 N1, S1 • X5, Y5, 
K6-N6

N1, Q1 • U5, AC5, 
C6, O6-Q6

N1 • F6, H6, R6, S6 O1 • T5, A6, O6, T6 O1 • G6, R6 P1, R1 • Z5, AB5, 
L6, N6, U6, V6

P1 • V5, B6, P6, T6 Q1, S1 • AA5, M6, 
U6

U1, Y1 • X6-AB6 U1, G2 • AC6-B7 U1, C2 • C7-G7 U1, M2 • H7-J7 V1, AC1 • K7-O7 V1, F2 • AC6, 
P7-S7

V1, K2 • Y6, T7-W7 V1, AB1 • C7, 
X7-AA7

V1, J2 • H7, 
AB7-B8

V1, O2 • E7, C8-F8 W1, A2 • K7, 
G8-J8

W1 • X6, K8, L8 W1, L2 • X6, T7, 
M8-O8

W1, A2 • D7, X7, 
P8-R8

W1, L2 • I7, AB7, 
S8-U8

W1, P2 • D7, C8, 
V8-X8

X1, B2 • L7, G8, 
Y8-AA8

X1, Z1 • Y6, AA6, 
K8, AB8, AC8

X1, H2 • AC6, P7, 
A9-C9

X1, D2 • E7, Y7, P8, 
D9, E9

X1, N2 • H7, AC7, 
B8, S8, F9

X1, Q2 • C7, D8, 
V8, G9, H9

Y1, C2 • M7, H8, 
Y8, I9, J9

Y1, G2 • A7, Q7, 
A9, K9, L9

Y1, M2 • AB6, U7, 
M8, M9, N9

Y1 • J7, A8, T8, F9 Y1, C2 • G7, E8, 
W8, G9, O9

Z1, D2 • N7, I8, Z8, 
I9, P9

Z1, H2 • B7, R7, 
B9, K9, Q9

Z1, N2 • AA6, V7, 
W7, N8, M9

Z1, B2 • F7, Z7, Q8, 
D9, R9

Z1, Q2 • F7, F8, X8, 
H9, O9

AA1, E2 • O7, J8, 
AA8, J9, P9

AA1 • AB6, L8, 
AC8

AA1, I2 • A7, S7, 
C9, L9, Q9

AA1 • Z6, W7, O8, 
N9

AA1, E2 • G7, AA7, 
R8, E9, R9

AA1 • J7, B8, U8 AB1, F2 • S9-W9 AB1, J2 • AA8, 
X9-AA9

AB1, AC1 • 
AB9-C10

AB1, K2 • O9, R9, 
D10-F10

AB1, O2 • G10-K10 AC1, F2 • S9, 
L10-O10

AC1, K2 • P9, X9, 
P10-R10

AC1, J2 • E8, E9, 
D10, S10, T10

AC1, O2 • G10, 
U10-X10

A2, L2 • J8, Y9, 
P10, Y10, Z10

A2 • AC9, AA10, 
AB10

A2, L2 • R8, W8, 
E10, S10, AC10

A2, P2 • H10, U10, 
A11-C11

B2, H2 • T9, W9, 
L10, D11, E11

B2, D2 • A10-C10, 
AA10, F11

B2, N2 • AA7, G9, 
F10, T10, AC10

B2, Q2 • I10, V10, 
A11, G11, H11

C2, G2 • U9, M10, 
D11, I11, J11

C2, M2 • J9, Z9, 
Q10, Y10, K11

C2 • J10, W10, 
B11, G11

D2, H2 • V9, N10, 
O10, E11, I11

D2, N2 • O7, AA9, 
R10, Z10, K11

D2, Q2 • J10, K10, 
X10, C11, H11

E2, I2 • W9, O10, 
J11

E2 • C10, AB10 F2, J2 • Q7, C9, 
L11-N11

F2, K2 • K9, Q9, 
L11, O11, P11

F2, O2 • M10, I11, 
Q11-S11

G2, M2 • L9, M11, 
O11

H2, N2 • S7, A9, 
M11, N11, P11

H2, Q2 • U9, D11, 
R11-T11

J2, K2 • U7, AC8, 
M9, U11, V11

J2, O2 • M7, K11, 
W11-Y11

K2, O2 • I9, Q10, 
W11, Z11, AA11

L2 • L8, M8, V11 L2, P2 • H8, Y10, 
X11, Z11, AB11

N2, Q2 • Y8, Z9, 
Y11, AA11, AB11

R2, T2 • I10, H11, 
AC11-B12

R2, Y2 • T9, T11, 
C12

R2, W2 • Z7, H9, 
F10, D12, E12

R2, AB2 • A10, F12, 
G12

S2 • A11, AC11, 
H12

S2, V2 • G8, Y9, 
AB11, I12, J12

S2, V2 • X7, V8, 
AC10, D12, K12

S2, AA2 • H10, 
C11, AC11, L12, 
M12

S2, AC2 • Q8, X8, 
E10, D12, N12

S2, AA2 • AC9, 
AA10, F12, O12, 
P12

T2, W2 • Z8, X9, 
AA11, I12, Q12

B3, M3, N3 • 
Y12-AB12

B3, H3, S3 • 
AC12-C13

B3, H4 • D13-F13 B3, S3, B4 • 
G13-J13

B3, Z3, F4 • E13, 
K13-M13

C3, G3, T3 • AC12, 
N13-P13

T2, Y2 • S9, E11, 
R11, C12, R12

T2, AB2 • G10, 
X10, B12, L12, S12

T2, W2 • F8, D9, 
D10, E12, N12

T2 • AB9, F11, G12, 
O12

U2 • V10, B12, H12 U2, X2 • L7, AA9, 
Y11, J12, Q12

U2, Z2 • V9, L10, 
S11, C12, R12

U2, X2 • Y7, D8, 
T10, E12, K12

U2 • K10, A12, 
M12, S12

U2 • B10, G12, P12 V2 • AB7, S8, T12 V2, AA2 • K7, Z10, 
X11, J12, U12

V2, AC2 • T7, K8, 
N8, V11, V12

V2, AA2 • C8, P8, 
S10, K12, N12

W2, Y2 • R7, B9, 
L11, P11, W12

W2, AB2 • N7, 
R10, W11, Q12, 
U12

W2 • V7, AB8, 
U11, V12

X2, Z2 • P7, N11, 
W12

X2 • AC7, T12 Y2, AB2 • N10, 
Q11, R12

AA2, AC2 • I8, P10, 
Z11, I12, U12

AA2 • U10, H12, 
L12

C3, Y3, G4 • D13, 
K13, Q13, R13

C3, A4 • G13, S13 D3, I3, W3 • C13, 
N13, T13, U13

D3, O3, Q3 • Z12, 
AB12, V13, W13

D3, K3, U3 • A13, 
P13, U13, X13

D3, C4, D4 • I13, 
J13, S13, Y13

D3, AB3, I4 • F13, 
L13, R13, Z13

E3, J3, V3 • B13, 
O13, T13, X13

E3, P3 • AA12, V13 E3, AA3, J4 • E13, 
M13, Q13, Z13

F3, L3, L6 • 
AA13-A14

F3, R3, F6 • 
B14-E14

F3, X3, N5 • F3, AC3, P6 • 
F14-I14

F3, E4, C5 • 
J14-M14

G3, T3, R6 • B14, 
N14-P14

G3, Y3, G5 • G3, A4, O6 • F14, 
Q14-S14

G3, G4, K5 • J14, 
T14-V14

H3, N3, M6 • 
AA13, W14-Y14

H3, Z3, M5 • H3, B4, Q6 • G14, 
Q14, Z14, AA14

H3, B4, H4 • K14, 
T14, AB14, AC14

I3, O3, Y5 • AB13, 
W14, A15, B15

I3, U3, H6 • C14, 
N14, C15, D15

I3, C4, U5 • H14, 
R14, Z14, E15

I3, I4, Z4 • L14, 
U14, AB14, F15

J3, P3, K6 • AC13, 
X14, A15, G15

J3, V3, S6 • D14, 
O14, C15, H15

J3, AA3 • J3, V3, J4 • M14, 
V14, AC14, F15

K3, Q3, N6 • A14, 
Y14, B15, G15

K3, W3, H6 • E14, 
P14, D15, H15

K3, AB3, R4 • K3, D4, C6 • I14, 
S14, AA14, E15

L3, R3, X5 • I15-L15 L3, X3, Q5 • Z12, 
M15-O15

L3, AC3, U6 • 
P15-S15

L3, E4, T4 • M3, S3, M6 • I15, 
P15, T15, U15

M3, F4, P5 • N3, Z3, P5 • AA12, 
M15, V15, W15

N3, B4, M6 • Q15, 
T15, X15, Y15

N3, H4 • O3, U3, N6 • J15, 
P15, Z15, AA15

O3, C4, AA5 • I15, 
R15, X15, AB15

O3, I4, V4 • P3, V3, K6 • K15, 
T15, Z15, AC15

P3, AA3 • Y12, 
N15, V15

P3, J4 • Q3, W3, Y5 • L15, 
U15, AA15, AC15

Q3, AB3, V4 • 
AB12, N15, O15, 
W15

Q3, D4, AA5 • S15, 
U15, Y15, AB15

R3, X3, R5 • I13, 
A16-C16

R3, AC3, AC5 • 
D16-G16

R3, E4, L4 • F15, 
H16-J16

S3, Q6 • D16, K16, 
L16

S3, F4, M5 • AC14, 
H16, M16, N16

T3, Y3, K5 • G13, 
A16, O16, P16

T3, A4, O6 • E16, 
K16, Q16, R16

T3, G4, G5 • V14, 
I16, M16, S16

U3, C4, C6 • D16, 
F16, Q16, T16

U3, I4, R4 • M14, 
J16, N16, S16

V3, AA3 • H13, 
B16, O16

W3, AB3, Z4 • J13, 
B16, C16, P16

W3, D4, U5 • G16, 
L16, R16, T16

X3, AC3, O5 • A13, 
U16-W16

X3, E4, AC4 • L13, 
Z13, X16, Y16

Y3, A4, H5 • AC12, 
U16, Z16, AA16

Y3, G4, J5 • K13, 
Q13, X16, AB16

Z3, B4, M5 • B13, 
V16, Z16, AC16

Z3, H4 • M13, Y16, 
AB16

AB3, D4, N4 • C13, 
W16, AA16, AC16

AC3, E4, Q4 • K14, 
N16, A17, B17

A4, G4, H5 • T14, 
M16, A17, C17

C4, I4, N4 • AB14, 
H16, B17, C17

K4, P4, A6 • 
D17-G17

K4, X4, T5 • R14, 
H17-J17

K4, AB4, L5 • N13, 
AA16, K17, L17

K4, B5, G6 • N14, 
M17-O17

K4, X4, E5 • U14, 
I16, C17, P17

L4, Q4, AC5 • D17, 
Q17-S17

L4, T4, X5 • A15, 
T17-V17

L4, AC4, R5 • T13, 
AC16, K17, W17

L4, C5, F6 • C15, 
M17, X17, Y17

M4, D6 • E17, Q17, 
Z17

M4, U4, AB5 • 
AB13, T17, AA17, 
AB17

M4, Y4, V5 • H14, 
H17, AC17, A18

M4, Y4, J6 • C14, 
N17, X17, B18

M4, Y4, F5 • L14, 
J16, B17, P17

N4, R4, C6 • F17, 
Q17, R17, C18

N4, V4, AA5 • 
W14, U17, AA17, 
D18

N4, Z4, U5 • Z14, 
I17, AC17, E18

O4, S4, B6 • G17, 
S17, Z17, C18

O4, W4, Z5 • B15, 
V17, AB17, D18

O4, AA4, S5 • E15, 
J17, A18, E18

O4, A5, D5 • U13, 
W16, L17, W17

O4, D5, I6 • D15, 
O17, Y17, B18

P4, X4, G6 • B14, 
N17, F18, G18

P4, AB4, I5 • P4, B5, T6 • F14, 
H17, H18, I18

P4, B5, E5 • J14, 
S16, A17, P17

Q4, T4, U6 • AA13, 
AA17, J18, K18

Q4, AC4, O5 • Q4, C5, P6 • G14, 
AC17, H18, L18

R4, V4, N6 • AC13, 
T17, J18, M18

R4, Z4, H6 • D14, 
X17, F18, N18

S4, W4, V6 • A14, 
AB17, K18, M18

S4, AA4, E6 • E14, 
B18, G18, N18

S4, A5 • S4, D5, B6 • I14, 
A18, I18, L18

T4, AC4, Q5 • V13, 
M15, W15, O18

T4, C5, L6 • Q15, 
Z15, P18, Q18

U4, Y4, AB5 • J15, 
R15, P18, R18

U4, F5 • V4, Z4, Y5 • K15, 
X15, P18, S18

W4, AA4, W5 • 
L15, AB15, R18, 
S18

W4, A5 • W13, O15, 
O18

W4, D5, Z5 • S15, 
AA15, Q18, R18

X4, AB4, L5 • S13, 
A16, P16, T18

X4, B5, A6 • E16, 
Q16, U18, V18

Y4, D6 • F16, U18, 
W18

AA4, A5 • Y13, 
C16, T18

AA4, D5, S5 • G16, 
T16, V18, W18

AB4, B5, I5 • P13, 
U16, L17, X18

AB4, E5 • R13, X16 AC4, C5, N5 • X13, 
V16, W17, X18

G5, H5, O6 • D17, 
F17, Y18, Z18

G5, J5, K5 • O13, 
Z16, K17, X18

G5, K5, R6 • O14, 
M17, F18, AA18

H5, J5 • H5, K5, O6 • Q14, 
I17, H18, AB18

I5, T6 • G17, Z18 I5, L5, A6 • S14, 
J17, I18, AB18

I5, L5, G6 • P14, 
O17, G18, AA18

L5, T5 • R16, V18 M5, Q6 • R17, Y18, 
AC18

M5, P5, M6 • X14, 
U17, J18, A19

N5, O5, P6 • S17, 
C18, Z18, AC18

N5, Q5, L6 • G15, 
V17, M18, A19

N5, R5, F6 • H15, 
Y17, N18, AA18

O5, Q5, U6 • Y14, 
D18, K18, A19

O5, R5, AC5 • 
AA14, E18, L18, 
AB18

Q5, R5, X5 • Y15, 
AC15, Q18, S18

S5, W5, Z5 • 
B19-E19

X6, T8 • AA19, 
AB19

X6, D7, H8 • 
AC19-B20

X6, I7, M8 • AA19, 
C20, D20

X6, D7, W8 • 
E20-G20

Y6, AC6, K9 • 
H20-J20

S5, I6 • F19-H19 S5, B6, E6 • G19, 
I19-K19

T5, A6, G6 • F19, 
I19, L19, M19

U5, Y5, AA5 • B19, 
D19, N19, O19

U5, C6, H6 • H19, 
J19, L19, P19

V5, AB5 • E19, O19 V5, D6, J6 • G19, 
K19, M19, P19

W5, E6, V6 • X5, AC5, U6 • B19, 
Q19-S19

X5, F6, L6 • Y5, H6, N6 • Z5, B6, V6 • E19, 
Q19, T19, U19

Z5, I6 • AA5, C6, N6 • D19, 
R19-T19

AB5, D6 • C19, 
S19, U19

AB5, J6 • AC5, F6, P6 • J19, 
P19, V19, W19

A6, G6, T6 • I19, 
M19, V19, X19

B6, I6 • K19, W19, 
X19

K6, S6 • L6, P6, U6 • O19, 
Q19, T19, Y19

M6, Q6 • N19, R19, 
Y19

O6, R6 • L19, V19

A
1

2
3

4
5

6
7

8
9

10
11

12
13

1
2

3
4

5
6

7
8

9
10

11
12

13
C D E F G H I J K L M N O P Q R S T U V W X Y Z AA AB ACB

0
Move (level)
1 board

4
108 boards

5
174 boards
21 wins for X

1
3 boards

2
12 boards

3
38 boards

6
204 boards
21 wins for O



Size is of little concern online,
enabling a more traditional representation.
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I’ll end with this ...
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Increasingly, products are delivered as services,
and increasingly services require data and computation.

As a result, data and computation are media for designing.

And design and code have begun converging.



Special thanks to
John Cain
Hugh Dubberly
Kristin Gecan
Ryan Keisler
Cody Wackerman

Knut M. Synstad
@knutsynstad

Presentation posted at
knutsynstad.com/latham.pdf


